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DEGENERATIONS OF QUADRATIC DIFFERENTIALS
ON CP
1
CORENTIN BOISSY
Abstrat. We desribe the onneted omponents of the omple-
ment of a natural diagonal of real odimension 1 in a stratum of
quadrati dierentials on CP
1
. We establish a natural bijetion be-
tween the set of these onneted omponents and the set of generi
ongurations that appear on suh at spheres. We also prove
that the stratum has only one topologial end. Finally, we elabo-
rate a neessary toolkit destined to evaluation of the Siegel-Veeh
onstants.
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1. Introdution
The artile deals with families of at metri on surfaes of genus
zero, where the at metris are assumed to have onial singularities,
Z/2Z linear holonomy and a xed vertial diretion. The moduli spae
of suh metris is isomorphi to the moduli spae of meromorphi qua-
drati dierential on CP
1
with at most simple poles and is naturally
2000 Mathematis Subjet Classiation. Primary: 32G15. Seondary: 30F30,
57R30.
Key words and phrases. Quadrati dierentials, ongurations,

homologous sad-
dle onnetions, Siegel-Veeh onstants.
1
2 CORENTIN BOISSY
stratied by the number of poles and by the orders of zeros of a qua-
drati dierential.
Any stratum is non ompat and a neighborhood of its boundary
onsists of at surfaes that admit saddle onnetions of small length.
The struture of the neighborhood of the boundary is also related to
ounting problems in a generi surfae of the strata (the Siegel-Veeh
onstants, see [EMZ℄ for the ase of Abelian dierentials).
When the length of a saddle onnetion tends to zero, some other
saddle onnetions might also be fored to shrink. In the ase of an
Abelian dierential this orrespond to homologous saddle onnetions.
In the general ase of quadrati dierentials, the orresponding olle-
tions of saddle onnetions on a at surfae are said to be

homologous
1
(pronouned hat-homologous). Congurations assoiated to olle-
tions of

homologous saddle onnetions have been desribed for general
strata in [MZ℄ and more speially in genus zero and in hyperellipti
onneted omponents in [B℄.
Usually, the study of the struture of the neighborhood of the bound-
ary is restrited to a thik part, where all short saddle onnetions are
pairwise

homologous (see [MS℄, and also [EMZ, MZ℄). Following this
idea, we will onsider the omplement of the odimension 1 subset ∆
of at surfaes that admit a pair of saddle onnetions that have both
minimal length, but whih are not

homologous.
For a at surfae in the omplement of ∆, we an dene the ongu-
ration of the maximal olletion of

homologous saddle onnetions that
ontains the smallest saddle onnetion of the surfae. This denes a
loally onstant map outside ∆ (see setion 5 for more details).
We will prove the following result.
Main Theorem. Let Q1(k1, . . . , kr) be a stratum of quadrati dier-
entials on CP
1
with at most simple poles. There is a natural bijetion
between the ongurations of

homologous saddle onnetions existing
in that stratum and the onneted omponents of Q1(k1, . . . , kr)\∆.
We will all the onneted omponents of Q1(k1, . . . , kr)\∆ the on-
guration domains of the strata. These onguration domains might
be interesting to the extend that they are almost manifolds in the
following sense:
Corollary 1.1. Let D be a onguration domain of a strata of qua-
drati dierentials on CP
1
. If D admits orbifoldi points, then the or-
responding onguration is symmetri and the lous of suh orbifoldi
1
The orresponding yles are in fat homologous on the anonial double over
of S, usually denoted as Ŝ, see setion 1.2.
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points are unions of opies (or overings) of submanifolds of smaller
strata.
Restriting ourselves to the neighborhood of the boundary, we show
that these domains have one topologial end.
Proposition 1.2. Let D be a onguration domain of a strata of qua-
drati dierentials on CP
1
. Let Q1,δ(k1, . . . , kr) be the subset of the
strata orresponding to area one surfaes with at least a saddle onne-
tion of length less than δ. Then D ∩ Q1,δ(k1, . . . , kr) is onneted for
all δ > 0.
Corollary 1.3. Any stratum of quadrati dierentials on CP
1
has only
one topologial end.
Aknowledgements. I would like to thank Anton Zorih for enouraging
me to write this paper, and for many disussions. I also thank Erwan
Lanneau and Pasal Hubert for their useful omment.
1.1. Basi denitions. Here we rst review standart fats about mod-
uli spaes of quadrati dierentials. We refer to [HM, M, V1℄ for proofs
and details, and to [MT, Z℄ for general surveys.
Let S be a ompat Riemann surfae of genus g. A quadrati dier-
ential q on S is loally given by q(z) = φ(z)dz2, for (U, z) a loal hart
with φ a meromorphi funtion with at most simple poles. We dene
the poles and zeroes of q in a loal hart to be the poles and zeroes
of the orresponding meromorphi funtion φ. It is easy to hek that
they do not depend on the hoie of the loal hart. Slightly abus-
ing notations, a marked point on the surfae (resp. a pole) will be
referred to as a zero of order 0 (resp. a zero of order −1). An Abelian
dierential on S is a holomorphi 1-form.
Outside its poles and zeros, q is loally the square of an Abelian
dierential. Integrating this 1-form gives a natural atlas suh that the
transition funtions are of the kind z 7→ ±z + c. Thus S inherits a at
metri with singularities, where a zero of order k ≥ −1 beomes a on-
ial singularity of angle (k+ 2)π. The at metri has trivial holonomy
if and only if q is globally the square of any Abelian dierential. If
not, then the holonomy is Z/2Z and (S, q) is sometimes alled a half-
translation surfae sine transition surfaes are either half-turns, or
translations. In order to simplify the notation, we will usually denote
by S a surfae with a at struture.
We assoiate to a quadrati dierential the set with multipliity
{k1, . . . , kr} of orders of its poles and zeros. The Gauss-Bonnet for-
mula asserts that
∑
i ki = 4g − 4. Conversely, if we x a olletion
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{k1, . . . , kr} of integers, greater than or equal to −1 satisfying the pre-
vious equality, we denote by Q(k1, . . . , kr) the (possibly empty) moduli
spae of quadrati dierential whih are not globally squares of Abelian
dierential, and whih have {k1, . . . , kr} as orders of poles and zeros .
It is well known thatQ(k1, . . . , kr) is a omplex analyti orbifold, whih
is usually alled a stratum of the moduli spae of quadrati dierentials
on a Riemann surfae of genus g. We usually restrit ourselves to the
subspae Q1(k1, . . . , kr) of area one surfaes, where the area is given
by the at metri. In a similar way, we denote by H1(n1, . . . , ns) the
moduli spae of Abelian dierentials of area 1 having zeroes of degree
{n1, . . . , ns}, where ni ≥ 0 and
∑s
i=1 ni = 2g − 2.
There is a natural ation of SL2(R) on Q(k1, . . . , kr) that preserve
its stratiation: let (Ui, φi)i∈I is a atlas of at oordinates of S, with
Ui open subset of S and φi(Ui) ⊂ R
2
. An atlas of A.S is given by
(Ui, A◦φi)i∈I . The ation of the diagonal subgroup of SL2(R) is alled
the Teihmüller geodesi ow. In order to speify notations, we denote
by gt and rt the following matrix of SL2(R):
gt =
[
e
t
2 0
0 e−
t
2
]
rt =
[
cos(t) sin(t)
− sin(t) cos(t)
]
A saddle onnetion is a geodesi segment (or geodesi loop) join-
ing two singularities (or a singularity to itself) with no singularities
in its interior. Even if q is not globally a square of an Abelian dif-
ferential we an nd a square root of it along the saddle onnetion.
Integrating it along the saddle onnetion we get a omplex number
(dened up to multipliation by −1). Considered as a planar vetor,
this omplex number represents the ane holonomy vetor along the
saddle onnetion. In partiular, its eulidean length is the modulus of
its holonomy vetor. Note that a saddle onnetion persists under any
small deformation of the surfae.
Loal oordinates for a stratum of Abelian dierential are obtained
by integrating the holomorphi 1-form along a basis of the relative
homology H1(S, sing,Z), where sing denote the set of onial singu-
larities of S. Equivalently, this means that loal oordinates are dened
by the relative ohomology H1(S, sing,C).
Loal oordinates in a stratum of quadrati dierentials are obtained
in the following way: one an naturally assoiate to a quadrati dier-
ential (S, q) ∈ Q(k1, . . . , kr) a double over p : Ŝ → S suh that p
∗q is
the square of an Abelian dierential ω. The surfae Ŝ admits a natural
involution τ , that indues on the relative ohomologyH1(Ŝ, sing,C) an
involution τ ∗. It deomposes H1(Ŝ, sing,C) into a invariant subspae
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H+1 (Ŝ, sing,C) and an anti-invariant subspae H
−
1 (Ŝ, sing,C). One
an show that the anti-invariant subspae H−1 (Ŝ, sing,C) gives loal
oordinates for the stratum Q(k1, . . . , kr).
1.2.

Homologous saddle onnetions. Let S ∈ Q(k1, . . . , kr) be a
at surfae and denote by p : Ŝ → S its anonial double over and τ
its orresponding involution. Let Σ be the set of singularities of S and
Σ̂ = p−1(Σ).
To an oriented saddle onnetion γ on S, we an assoiate γ1 and
γ2 its preimages by p. If the relative yle [γ1] satises [γ1] = −[γ2] ∈
H1(Ŝ, Σ̂,Z), then we dene [γˆ] = [γ1]. Otherwise, we dene [γˆ] =
[γ1] − [γ2]. Note that in all ases, the yle [γˆ] is anti-invariant with
respet to the involution τ .
Denition 1.4. Two saddle onnetions γ and γ′ are homologous if
[γˆ] = ±[γˆ′].
Example 1.5. Consider the at surfae S ∈ Q(−1,−1,−1,−1) given in
Figure 1 (a pillowase), it is easy to hek from the denition that γ1
and γ2 are homologous sine the orresponding yles for the double
over Ŝ are homologous.
1′
1
2
2
3
3
1
S γ1 γ2
1′
2′
Ŝ 2
′
Figure 1. An unfolded at surfae S with two homo-
logous saddle onnetions γ1 and γ2.
Example 1.6. Consider the at surfae given in Figure 2, the reader
an hek that the saddle onnetions γ1, γ2 and γ3 are pairwise homo-
logous.
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Figure 2. Unfolded at surfae with three

homologous
saddle onnetions γ1, γ2, and γ3.
The following theorem is due to Masur and Zorih [MZ℄. It gives in
partiular a simple geometri riteria for deiding whether two saddle
onnetions are

homologous. We give in the appendix an alternative
proof.
Theorem (H. Masur; A. Zorih). Consider two distint saddle on-
netions γ, γ′ on a half-translation surfae. The following assertions
are equivalent:
• The two saddle onnetions γ and γ′ are homologous.
• The ratio of their length is onstant under any small deforma-
tion of the surfae inside the ambient stratum.
• They have no interior intersetion and one of the onneted
omponent of S\{γ ∪ γ′} has trivial linear holonomy.
Furthermore, if γ and γ′ are homologous, then the ratio of their length
belongs to {1/2, 1, 2} and they are parallel.
A saddle onnetion γ1 will be alled simple if they are no other sad-
dle onnetions

homologous to γ1. Now we onsider a set of homologous
saddle onnetions γ = {γ1, . . . , γs} on a at surfae S. Slightly abus-
ing notation, we will denote by S\γ the subset S\
(
∪si=1γi
)
. This subset
is a nite union of onneted half-translation surfaes with boundary.
We dene a graph Γ(S, γ) alled the graph of onneted omponents
in the following way (see [MZ℄): the verties are the onneted ompo-
nents of S\γ, labelled as ◦ if the orresponding surfae is a ylinder,
as + if it has trivial holonomy (but is not a ylinder), and as −
if it has non-trivial holonomy. The edges are given by the saddle on-
netions in γ. Eah γi is on the boundary of one or two onneted
omponents of S\γ. In the rst ase it beomes an edge joining the
orresponding vertex to itself. In the seond ase, it beomes an edge
joining the two orresponding verties.
DEGENERATIONS OF QUADRATIC DIFFERENTIALS ON CP
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Eah onneted omponents of S\γ is a non-ompat surfae but
an be naturally ompatied (for example onsidering the distane
indued by the at metri on a onneted omponent of S\γ, and the
orresponding ompletion). We denote this ompatiation by Sj. We
warn the reader that Sj might dier from the losure of the ompo-
nent in the surfae S: for example, if γi is on the boundary of just
one onneted omponent Sj of S\γ , then the ompatiation of Sj
ontains two opies of γi in its boundary, while in the losure of Sj
these two opies are identied. The boundary of eah Si is a union of
saddle onnetions; it has one or several onneted omponents. Eah
of them is homeomorphi to S1 and therefore the orientation of S de-
nes a yli order in the set of boundary saddle onnetions. Eah
onseutive pair of saddle onnetions for that yli order denes a
boundary singularity with an assoiated angle whih is a integer mul-
tiple of π (beause the boundary saddle onnetions are parallel). The
surfae with boundary Si might have singularities in its interior. We
all them interior singularities.
Denition 1.7. Let γ = {γ1, . . . , γr} be a maximal olletion of ho-
mologous saddle onnetions on a at surfae. A onguration is the
following ombinatorial data:
• The graph Γ(S, γ)
• For eah vertex of this graph, a permutation of the edges ad-
jaent to the vertex (enoding the yli order of the saddle
onnetions on eah onneted omponent of the boundary of
the Si).
• For eah pair of onseutive elements in that yli order, the
angle between the two orresponding saddle onnetions.
• For eah Si, a olletion of integers that are the orders of the
interior singularities of Si.
We refer to [MZ℄ for a more detailed denition of a onguration (see
also [B℄).
1.3. Neighborhood of the boundary, thik-thin deomposition.
For any ompat subset K of a stratum, there exists a onstant cK suh
that the length of any saddle onnetion of any surfae in K is greater
than cK . Therefore, we an dene the δ-neighborhood of the boundary
of the strata to be the subset of area 1 surfaes that admit a saddle
onnetion of length less than δ.
Aording to Masur and Smillie [MS℄, one an deompose the δ-
neigborhood of the boundary of a stratum into a thin part (of negligibly
small measure) and a thik part. The thin part being for example the
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subset of surfaes with a pair of non

homologous saddle onnetions of
length respetively less than δ and Nδ, for some xed N ≥ 1 (the
deomposition depends on the hoie of N). We also refer to [EMZ℄ for
the ase of Abelian dierentials and to [MZ℄ for the ase of quadrati
dierentials.
Let N ≥ 1, we onsider QN (k1, k2, . . . , kr) the subset of at surfaes
suh that, if γ1 is the shortest saddle onnetion and γ
′
1 is another
saddle onnetion non

homologous to γ1, then |γ
′
1| > N |γ1|. Similarly,
we dene QN1 (k1, k2, . . . , kr) the intersetion of Q
N (k1, k2, . . . , kr) with
the subset of area 1 at surfaes.
For any surfae in QN(k1, k2, . . . , kr), we an dene a maximal ol-
letion F of homologous saddle onnetions that ontains the smallest
one. This is well dened beause if there exists two smallest saddle
onnetions, they are neessary

homologous. We will show in se-
tion 5 the assoiated onguration denes a loally onstant map from
QN1 (k1, k2, . . . , kr) to the spae of ongurations. This leads to the
following denition:
Denition 1.8. A onguration domain of Q1(k1, . . . , kr) is a on-
neted omponent of QN1 (k1, . . . , kr).
Remark 1.9. The previous denition of a onguration domain is a little
more general than the one stated in the introdution that orresponds
to the ase N = 1.
Denition 1.10. An end of a spae W is a funtion
ǫ : {K, K ⊂W is ompat} → {X, X ⊂W}
suh that:
• ǫ(K) is a (unbounded) omponent of W\K for eah K
• if K ⊂ L, then ǫ(L) ⊂ ǫ(K).
Proposition. If W is σ−ompat, then the number of ends of W is the
maximal number of unbounded omponents of W\K, for K ompat.
We refer to [HR℄ for more details on the ends of a spae.
1.4. Example on the moduli spae of at torus. If T is a at
torus (i.e. a Riemann surfae with an Abelian dierential ω), then,
up to resaling ω, we an assume that the holonomy vetor of the
shortest geodesi is 1. Then, hoosing a seond smallest non horizontal
geodesi with a good hoie of its orientation, this denes a omplex
number z = x + iy, with y > 0 , −1/2 ≤ x ≤ 1/2 and |z| ≥ 1. The
orresponding domain D in C is a fundamental domain of H/SL2(Z).
DEGENERATIONS OF QUADRATIC DIFFERENTIALS ON CP
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It is well know that this denes an map from the moduli spae of
at torus with trivial holonomy (i.e. H(∅)), to H/SL2(Z) whih is a
bundle, with C
∗
as ber. Orbifoldi points ofH(∅) are over the omplex
number z1 = i and z2 =
1+i
√
3
2
. They orrespond to Abelian dierential
on torus obtained by identifying the opposite sides of a square, or a
regular hexagon.
Now with this representation, HN (∅) is obtained by restriting our-
selves to the subdomain DN = D ∪ {z, |z| > N} (see Figure 3). This
subdomain ontains neither z1 nor z2, so H
N(∅) is a manifold. In the
extreme ase N = 1, the odimension one subset ∆ is an ar joining z1
to z2.
∆N
P1
P2
∆
P2
P1
Figure 3. Conguration domain in H(∅).
1.5. Reader's guide. Now we sketh the proof of the Main Theorem.
(1) We rst prove the theorem for the ase of onguration do-
mains dened by a simple saddle onnetion (we will refer to
these onguration domains as simple). We will explain how we
an shrink a simple saddle onnetion, when its length is small
enough (therefore, desribe the struture of the stratum in a
neighborhood of an adjaent one). This is done in setion 4.
There is one easy ase, when the shrinking proess is done
by loal and anonial surgeries. The other ase involves some
non-loal surgeries (hole transport) that depend on a hoie of
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a path. We will have to desribe the dependene of the hoie of
the path. More details on these surgeries appears in setion 3.
(2) The list of ongurations was established by the author in [B℄.
The seond step of the proof is to onsider eah onguration
and to show that the subset of surfae assoiated to this on-
guration is onneted. This will be done in setion 5 and will
use the simple ase.
2. Families of quadrati differentials defined by an
involution
Consider a polygon whose sides ome by pairs, and suh that, for
eah pair, the orresponding sides are parallel and have the same length.
Then identifying these pair of sides by appropriate isometries, this gives
a at surfae. In this setion we show that any at surfae an arise
from suh a polygon and give an expliit onstrution. We end by a
tehnial lemma that will be one of the key arguments of Theorem 4.1.
ζ8 = ζ3
ζ10 = ζ1
ζ1
ζ2
ζ3
ζ4 = ζ2
ζ5
ζ6
ζ7 = ζ6
ζ9 = ζ5
Figure 4. Flat surfae unfolded into a polygon.
2.1. Construtions of a at surfae. Let σ be an involution of
{1, . . . , l +m}, without xed points.
We denote by Qσ,l the set ζ = (ζ1, . . . , ζl+m) ∈ C
l+m
suh that:
(1) ∀i ζi = ζσ(i)
(2) ∀i Re(ζi) > 0.
(3) ∀1 ≤ i ≤ l − 1 Im(
∑
k≤i ζk) > 0
(4) ∀1 ≤ j ≤ m− 1 Im(
∑
1≤k≤j ζl+k) < 0
(5)
∑
k≤l ζk =
∑
1≤k≤m ζl+k.
Note that Qσ,l is onvex and might be empty for some σ. Now we
will onstrut a map ZR from Qσ,l to the moduli spae of quadrati
dierentials. Slightly abusing onventional terminology, we will all a
surfae in ZR(Qσ,l) a suspension over (σ, l), and a vetor in Qσ,l is then
a suspension data.
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Furthermore, sine Qσ,l is onvex, the onneted omponent of the
stratum is uniquely determined by (σ, l).
Easy ase. Now we onsider a broken line L1 whose edge number i
(1 ≤ i ≤ l) is represented by the omplex number ζi. Then we on-
sider a seond broken line L2 whih starts from the same point, and
whose edge number j (1 ≤ j ≤ m) is represented by ζl+j. The last
ondition implies that these two lines also end at the same point. If
that they have no other intersetion points, then they form a polygon
(see Figure 4). The sides of the polygon, enumerated by indies of the
orresponding omplex number, naturally ome by pairs aording to
the involution σ. Gluing these pair of sides by isometries respeting
the natural orientation of the polygon, this onstrution denes a at
surfae whih have trivial or non-trivial holonomy.
First return map on a horizontal segment. Let S be a at surfae and
X be a horizontal segment with a hoie of a positive vertial diretion
(or equivalently, a hoie of left and right ends). We onsider the rst
return map T1 : X → X of the vertial geodesi ow in the positive
diretion. Any innite vertial geodesi starting from X will interset
X again. Therefore, the map T1 is well dened outside a nite number
of points that orrespond to vertial geodesis that stop at a singularity
before interseting again the interval X . This set X\{sing} is a nite
union X1, . . . , Xl of open intervals and the restrition of T1 on eah Xi
is of the kind x 7→ ±x + ci. The time of rst return of the geodesi
ow is onstant along eah Xi. Similarly, we dene T2 to be the rst
return map of the vertial ow in the negative diretion and denote
by Xl+1, . . . , Xl+m the orresponding intervals. Remark that for i ≤ l
(resp. i > l) , T1(Xi) = Xj (resp. T2(Xi) = Xj) for some 1 ≤ j ≤ l+m.
Therefore, (T1, T2) indue a permutation σX of {1, l+m}, and it is easy
to hek that σX is an involution without xed points. When S is a
translation surfae, T2 = T
−1
1 and T1 is alled an interval exhange
transformation.
If S ∈ ZR(Qσ,l), onstruted as previously, we hoose X to be the
horizontal line whose left end is the starting point of the broken lines,
and of length Re(
∑
k≤l ζk) . Then it is easy to hek that σX = σ.
Veeh zippered retange onstrution. The broken lines L1 and L2 might
interset at other points (see Figure 5). However, we an still dene
a at surfae by using an analogous onstrution as the well known
zippered retangles onstrution due to Veeh. We give a desription
of this onstrution and refer to [V1, Y℄ for the ase of Abelian dier-
entials. This onstrution is very similar to the usual one, although its
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preise desription is quite tehnial. Still, for ompleteness, we give
an equivalent but rather impliit formulation.
ζ7
ζ2
ζ3ζ1
ζ4
ζ5
ζ8
ζ9
ζ10
ζ6
Figure 5. Suspension data that does not give a suit-
able polygon.
We rst onsider the previous ase when L1 and L2 dene an a-
eptable polygon. For eah pair of interval Xi, Xσ(i) on X , the return
time hi = hσ(i) of the vertial ow starting from x ∈ Xi and returning
in y ∈ Xσ(i) is onstant. This value depends only on (σ, l) and on the
imaginary part of ζ . For eah pair α = {i, σ(i)} there is a natural
embedding of the open retangle Rα = (0, Re(ζi))× (0, hi) into the at
surfae S (see Figure 6). For eah Rα, we glue a horizontal side to Xi
and the other to Xσ(i). The surfae S is then obtained after suitable
identiations of the vertial sides of the the retangles {Rα}. These
vertial identiations only depend on (σ, l) and on the imaginary part
of ζ .
2
1
1
2
R{1,10}
R{2,4}
Figure 6. Zippered retangle onstrution, for the ase
the at surfae of Figure 4.
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For the general ase, we onstrut the retangles Rα by using the
same formulas. Identiations for the horizontal sides are staightfor-
ward. Identiations for the vertial sides do not depends on the hori-
zontal parameters, and will be the same as for a suspension data ζ ′ that
have the same imaginary part as ζ , but that orrespond to a suitable
polygon. This will be well dened after the following lemma.
Lemma 2.1. Let ζ be a olletion of omplex numbers in Qσ,l then
there exists ζ ′ ∈ Qσ,l with the same imaginary part as ζ, that denes a
suitable polygon.
Proof. We an assume that
∑l
k=1 Im(ζk) > 0 (the negative ase is
analogous and there is nothing to prove when the sum is zero). It is
lear that σ(l+m) 6= l otherwise there would be no possible suspension
data. If σ(l+m) < l, then we an shorten the real part of ζl+m and of
ζσ(l+m), keeping onditions (1)(5) satised, and get a suspension data
ζ ′ with the same imaginary part as ζ , and suh that Re(ζ ′l+m) < Re(ζ
′
l).
This last ondition implies that ζ ′ denes a suitable polygon.
If σ(l + m) > l, then ondition (5) might imply that Re(ζl+m) is
neessary bigger than Re(ζl). However, we an still hange ζ into a
suspension data ζ ′, with same imaginary part, and suh that Re(ζ ′l+m)
is very lose to Re(ζ ′l). In that ase, ζ
′
also denes a suitable polygon.

2.2. The onverse: onstrution of suspension data from a at
surfae. Now we give a suient ondition for a surfae to be in some
Qσ,l. Note that an analogous onstrution for hyperellipti at surfaes
has been done in [V2℄.
ζ4
τ1,1
x1,2
τ1,2
x1,1 T1(X2)X2
ζ1
ζ2
ζ3
X
Figure 7. Constrution of a polygon from a surfae.
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Proposition 2.2. Let S be a at surfae with no vertial saddle on-
netion. There exists an involution σ and an integer l suh that S ∈
ZR(Qσ,l).
Proof. Let X be a horizontal segment whose left end is a singularity.
Up to utting X on the right, we an assume that the vertial geodesi
starting from its right end hits a singularity before meeting X again.
Let x1,1 < . . . < x1,l−1 be the points of disontinuity of T1 and
(x1,0, x1,l) be the end points of X . For eah k, there exists τ1,k > 0 suh
that the vertial geodesi starting from x1,k in the positive diretion
stops at a singularity at time τ1,k (here τ1,0 = 0, sine by onvention
x1,0 is loated at a singularity). Then for k ≥ 1 we dene ζk : (x1,k −
x1,k−1)+ i(τ1,k− τ1,k−1). Now we perform a similar onstrution for the
vertial ow in the negative diretion: let x2,1 < . . . < x2,m−1 be the
points of disontinuity of T2 and (x2,0, x2,m) be the extremities ofX . For
eah k /∈ {0, m}, the vertial geodesi starting from x2,k in the positive
diretion stops at a singularity at time τ2,k < 0 (here again τ2,0 = 0 and
τ2,l > 0). For 1 ≤ k ≤ m, we dene ζk+l : (x2,k−x2,k−1)+i(τ2,k−τ2,k−1).
So, we have a olletion of omplex numbers ζl+1, . . . , ζm+l that denes
a polygon P.
We have always Re(ζk) = Re(ζσX(k)) = |Xk|. Let 1 ≤ k ≤ l. If
σX(k) ≤ l, then τ1,k−1 + τ1,σX (k) = τ1,k + τ1,σX(k)−1 = hk (with hk the
time of rst return to X of the vertial geodesi ow starting from
the subinterval Xk), otherwise there would exist a vertial saddle on-
netion (see gure 8). So Im(ζk) = Im(ζσX(k)). The other ases are
analogous. Thus ζ is a suspension data, and ZR(ζ) is isometri to
S. 
Vertical
saddle connection
T1(Xk)
A
B
A
B
Xk XkT1(Xk)
Figure 8. The omplex numbers ζk and ζσX(k) are ne-
essary equal.
Remark 2.3. In the previous onstrution, the suspension data on-
struted does not neessary give a suitable polygon. However, we
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an show that by hoosing arefully a subinterval X ′ of X , the on-
strution will give a true polygon. Sine for any surfae, we an nd
a diretion with no saddle onnetion, we an onlude that any sur-
fae an be unfolded into a polygon as in Figure 4, up to rotating that
polygon.
2.3. A tehnial lemma. The following lemma is a tehnial lemma
that will be needed in setion 4.2. It an be skipped in a rst reading.
We previously showed that a surfae with no vertial saddle onnetion
belongs to some ZR(Qσ,l). Furthermore, the orresponding pair (σ, l)
is ompletely dened by a rst return map of the vertial ow on a well
hosen horizontal segment.
We dene the set Q′σ,l dened in a similar way as Qσ,l, but here we
replae ondition 2 by the following two onditions:
(2) ∀i /∈ {1, σ(1)} Re(ζi) > 0.
(2′) Re(ζ1) = 0.
In other words, the rst vetor of the top broken line is now vertial and
no other vetor is vertial exept the other one of the orresponding
pair. Then we dene in a very similar way a map ZR′ from Q′σ,l to a
stratum of the moduli spae of quadrati dierentials.
Note that the subset Q′σ,l is onvex.
Lemma 2.4. Let S be a at surfae with a unique vertial saddle on-
netion joining two singularities P1 and P2. Let X be a horizontal
segment whose left end is P1, and suh that the vertial geodesi start-
ing from its left end is the unique vertial saddle onnetion joining P1
to P2. There exists (σ, l) that depends only on the rst return maps on
X of the vertial ow and on the degree of P2, suh that S ∈ ZR
′(Q′σ,l).
Proof. We dene as in Proposition 2.2 the xi,j , τi,j and ζj, with the
slight dierene that now, τ1,0 > 0. Now, beause there exists only one
vertial saddle onnetion, the same argument as before says that there
exists at most one unordered pair {ζi0, ζσ(i0)} suh that ζi0 6= ζσ(i0). If
this pair doesn't exists, then the union of the vertial geodesis starting
fromX would be a strit subset of S, with boundary the unique vertial
saddle onnetion. Therefore, we would have P1 = P2, ontraditing
the hypothesis.
Now we glue on the polygon P an Eulidean triangle of sides given
by {ζi, ζσ(i), iτ1,0}, and we get a new polygon. The sides of this poly-
gon appear in pairs that are parallel and of the same length. We an
therefore glue this pair and get a at surfae. By onstrution, we get
a surfae isometri to S, and so S belongs to some ZR′(Q′σ˜,l). The
permutation σ˜ is easily onstruted from σ as soon as we know i0.
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This value is obtained by the following way: we start from the vertial
saddle onnetion, lose to the singularity P2. Then, we turn around
P2 ounterlokwise. Eah half-turn is easily desribed in terms of the
permutation σ. Then after performing k2+2 half-turns, we must arrive
again on the vertial saddle onnetion. This gives us the value of i0.

3. Hole transport
Hole transport is a surgery used in [MZ℄ to show the existene of some
ongurations and espeially to break an even singularity to a pair of
odd ones. It was dened along a simple path transverse to the vertial
foliation. In this part, we generalize this onstrution to a larger lass
of paths and show that breaking a zero using that proedure does not
depend on small perturbations of the path.
Hole transport also appears in [EMZ℄ in the omputation of the
Siegel-Veeh onstants for the moduli spae of Abelian dierentials.
This improved surgery, and dependene properties that are Corollary
3.5 and Lemma 4.4 are a neessary toolkit for the omputayion of these
these Siegel-Veeh onstants for the ase of quadrati dierentials.
Denition 3.1. A hole is a onneted omponent of the boundary of a
at surfae given by a single saddle onnetion. The saddle onnetion
bounds a singularity. If this singularity has angle 3π, this hole is said
to be simple.
Convention 1. We will always assume that the saddle onnetion den-
ing the hole is vertial
A simple hole τ has a natural orientation given by the orientation
of the underlying Riemann surfae. In a neighborhood of the hole, the
at metri has trivial holonomy and therefore q is loally the square of
an Abelian dierential.
Convention 2. When dening the surgeries around a simple hole using
at oordinates, we will assume (unless expliit warning) that the at
oordinates ome from a loal square root ω of q, suh that that
∫
τ
dz ∈
iR+.
Remark 3.2. Under onvention 2, we may speak of the left or the right
diretion in a neighborhood of a simple hole. Note that there exists
two horizontal geodesis starting from the singularity of and going to
the right, and only one starting from the singularity and going to the
left.
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simple hole
S
Figure 9. A hole in at oordinates.
3.1. Parallelogram onstrutions. We rst desribe the three basi
surgeries on the surfae that allow us to transport a simple hole along
a segment. Consider a simple hole τ and hose at oordinates in
a neighborhood of the hole that satisfy onvention 2. We onsider a
vetor v suh that Re(dz(v)) > 0 (i.e. the vetor v goes to the right in
our at oordinates). Consider the domain Ω obtained as the union of
geodesis of length |v|, starting at a point of τ with diretion v. When
Ω is an embedded parallelogram, we an remove it and glue together
by translation the two sides parallel to v. Here we have transported
the simple hole by the vetor v. Note that the area hanges under this
onstrution.
When Re(dz(v)) < 0, this onstrution (removing a parallelogram)
annot work. The singularity is the unique point of the boundary
that an be the starting point of a geodesi of diretion v. Now from
the orresponding geodesi, we perform the reverse onstrution with
respet to the previous one: we ut the surfae along a segment of
length v and paste in a parallelogram. By means of this onstrution
we transport the hole along the vetor v.
When Re(dz(v)) = 0, we onsider a geodesi segment of diretion v
starting from the singularity, and ut the surfae along the segment,
then glue it with a shift (Earthquake onstrution).
There is an easy way to reate a pair of holes in a ompat at
surfae: we onsider a geodesi segment imbedded in the surfae, we
ut the surfae along that segment and paste in a parallelogram as in
the previous onstrution. We get parallel holes of the same length
(but with opposite orientation). Note that we an assume that the
length of these holes is arbitrary small. In a similar way, we an reate
a pair of holes by removing a parallelogram.
3.2. Transport along a pieewise geodesi path. Now we onsider
a pieewise geodesi simple path γ = γ1 . . . γn with edges represented
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Figure 10. Parallelogram onstrutions.
by the vetors v1, v2, . . . , vn. We assume for simpliity that neither of vi
is vertial. The spirit is to transport the hole by iterating the previous
onstrutions. We make the hole to follow the path γ in the following
way (under onvention 2):
• At step number i, we ask that the geodesi γi starts from the
singularity of the hole.
• When Re(dz(vi)) > 0, we ask γi to be the bottom of the paral-
lelogram Ω dened in the previous onstrution.
Naive iteration does not neessary preserve these onditions. The
surgery an indeed disonnet the path but then we an always reon-
net γ by adding a geodesi segment. If the rst ondition is satised,
but not the seond, we an add a surgery along a vertial segment of
the size of the hole to fulll it. We just have to hek that eah itera-
tion between two onseutive segments of the initial path an be done
in a nite number of steps, see Figure 11.
(1) If Re(dz(vi)) and Re(dz(vi+1)) have the same sign, then as soon
as both transports are suessively possible, our two onditions
keep being fullled.
(2) If Re(dz(vi)) > 0 and Re(dz(vi+1)) < 0, and if (vi, vi+1) is
positively oriented, the surgery with vi disonnet the path, and
we must add a new segment v˜, but then Re(v˜) and Re(vi+1) are
both negative, therefore, we an iterate the surgery keeping the
two onditions fullled.
(3) If Re(dz(vi)) < 0 and Re(dz(vi+1)) > 0, and if (vi, vi+1) is nega-
tively oriented, we must add a surgery along a vertial segment
to fulll the seond ondition.
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3)
2)
1)
vi+1
vi+1
v˜
vi vi+1
vi
vi+1
vi+1
vi
vi+1
vi+1
Figure 11. Hole transport along a pieewise geodesi urve.
(4) It is an easy exerise to hek that for any other onguration of
(vi, vi+1), the diret iteration of the elementary surgeries works.
Of ourse, in the proess we have just desribed, we impliitly as-
sumed that at eah step, the ondition imposed for the basi surgeries
(i.e. the parallelogram must be imbedded in the surfae) is fullled.
But onsidering any ompat pieewise geodesi path, the proess will
be well dened as soon as the hole is small enough.
Remark 3.3. We an also dene hole transport along a pieewise geo-
desi path that have self intersetions. Here hole transport will dison-
net the path at eah intersetions, but we an easily reonnet it and
hole transport also ends in a nite number of steps. We will not need
hole transport along suh paths.
3.3. Appliation: breaking up an even singularity. We onsider
a singularity P of order k = k1 + k2. When k1 and k2 are not both
odd, there is a loal surgery that ontinuously break this singularity
into pair of singularities of order k1 and k2 (see setion 4.1.1). When
k1 and k2 are both odd, this loal surgery fails. Following [MZ℄ we use
hole transport instead.
Consider a pair (I, II) of setors of angle π in a small neighborhood
of P , and suh that the image of the rst one by a rotation of (k2+1)π
is the seond setor. Now let γ be a simple broken line that starts and
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II I
Figure 12. Breaking a singularity.
ends at P , and suh that its rst segment belongs to setor I and its
last segment belongs to setor II. We ask that parallel transport along
γ to be Z/2Z (this has sense beause k is even, so P admits a parallel
vetor eld in its neighborhood).
Then, we reate a pair of holes by utting the rst segment and
pasting in a parallelogram. Denote by ε the length of these holes. One
hole is attahed to the singularity. The other one is a simple hole.
We an transport it along γ, to the setor II. Then gluing the holes
together, we get a singular surfae with a pair of onial singularities
that are glued together. If we desingularise the surfae, we get a at
surfae with a pair of singularities of order k1 and k2 and a vertial
saddle onnetion of length ε. We will denote be Ψ(S, γ, ε) this surfae.
The onstrution is ontinuous with respet to the variations of ε.
3.4. Dependene on small variations of the path. The previous
onstrution might depend on the hoie of the broken line. We show
the following proposition:
Proposition 3.4. Let γ and γ′ be two broken lines that both start from
P , setor I and end to P , setor II. Let ε be a positive real number.
We assume that there exists an open subset U of S, suh that:
• U ontains γ\{P} and γ′\{P}.
• U is homeomorphi to a dis and have no onial singularities.
• The surgery desribed in setion 3.3, with parameters (γ, ε) or
(γ′, ε) does not aet ∂U\P .
Then Ψ(S, γ, ε) and Ψ(S, γ′, ε) are isometri.
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γ
I
II
U V or V ′
Figure 13. The boundary of U and V (or V ′).
Proof. We denote by ∂U the boundary of the natural ompatiation
of U (that dier from the losure of U in S, see setion 1.2). We
denote by P˜ and P˜ ′ the ends of γ in ∂U (that are also the ends of γ′ by
assumption). We denote by V (resp. V ′) the at diss obtained from
U after the hole surgery along γ (resp. γ′). Our goal is to prove that
V and V ′ are isometri.
The hole surgery along γ (resp. γ′) does not hange the metri in a
neighborhood of ∂U\{P˜ , P˜ ′}. Furthermore, the fat that both γ and γ′
starts and ends at setors I and II orrespondingly implies that V and
V ′ are isometri in a neighborhood of their boundary. We denote by f
this isometry. Surprisingly, we an nd two at diss that are isometri
in a neighborhood of their boundary but not globally isometri (see
Figure 14).
Figure 14. Immersion in R
2
of two non isometri at
diss with isometri boundaries.
In our ase, we have an additional piee of information that will make
the proof possible: hole transport does not hange the vertial foliation
(reall that the hole is always assumed to be vertial). Therefore,
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for eah vertial geodesis in V with end points {x, y} ⊂ ∂V , then
{f(x), f(y)} are the end points of a vertial geodesi of V ′.
z
xz
yz
lz
Figure 15. Parameters on a at dis.
For eah z ∈ V we dene xz ∈ ∂V (resp. yz) the intersetion of
the vertial geodesi starting from z in the negative diretion (resp.
positive diretion) and the boundary of V (see Figure 15). We also
all lz the length of this geodesi. We an assume that ∂V is pieewise
smooth. So we an restrit ourself to the open dense subset V1 ⊂ V of
z suh that xz and yz are regular and nonvertial points.
Then we dene Φ : V1 → V
′
that send z to φlz(f(xz)), where, φ is
the vertial geodesi ow. Beause V and V ′ are translation strutures,
the length of the vertial segment [xz, yz] is obtained by integrating
the orresponding 1−form along any path between xz and yz. Suh a
path an be hosen in a neighborhood of the boundary of V . Then,
the isometry f implies that this length is the same as the length of
the vertial segment [f(xz), f(yz)]. Therefore Φ is well dened and
oinide to f in a neighborhood of the boundary of V . This map is
also smooth beause z 7→ (xz, lz) are smooth on V1. It's easy to hek
that DΦ(z) ≡ Id and that Φ ontinuously extends to an isometry from
V to V ′. 
Corollary 3.5. Let γ′ be lose enough to γ and suh that γ and γ′
interset the same setors of a neighborhood of P . Then Ψ(S, γ, ε) and
Ψ(S, γ′, ε) are isomorphi for ε small enough.
Proof. If γ′ is lose enough to γ (and interset the same setors in a
neighborhood of P ), then there exists a open at disk that ontains γ
and γ′. 
Remark 3.6. Using proposition 3.4, one an also extend hole transport
along a dierentiable urve.
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4. Simple onfiguration domains
We reall the following notation: if Q(k1, k2, . . . , kr) is a stratum
of meromorphi quadrati dierentials with at most simple poles, then
Q1(k1, k2, . . . , kr) is the subset of area 1 at surfaes inQ(k1, k2, . . . , kr),
andQ1,δ(k1, k2, . . . , kr) is the subset of at surfaes inQ1(k1, k2, . . . , kr)
that have at least a saddle onnetion of length less than δ.
The goal of this setion is to prove the following theorem:
Theorem 4.1. Let Q(k1, k2, . . . , kr) be a stratum of quadrati dier-
entials with (k1, k2) 6= (−1,−1) and suh that the stratum Q(k1 +
k2, k3, . . . , kr) is onneted. Let C be the subset of at surfaes S in
QN(k1, . . . , kr) suh that the shortest saddle onnetion of S is simple
and joins a singularity of order k1 to a singularity of order k2. For
any pair N ≥ 1 and δ > 0, the sets C, C ∩ Q1(k1, k2, . . . , kr) and
C ∩ Q1,δ(k1, k2, . . . , kr) are non empty and onneted.
In this part we denote by P1 and P2 the two zeros of order k1 and
k2 respetively and by γ the simple saddle onnetion between them.
There are two dierent ases.
• When k1 and k2 are not both odd, then there exists a anonial
way of shrinking the saddle onnetion γ if it is small enough.
Furthermore, this surgery doesn't hange the metri outside a
neighborhood of γ. This is the loal ase.
• When k1 and k2 are both odd, then we still an shrink γ, to get
a surfae in the stratum Q(k1+k2, k3, . . . , kr), but this hanges
the metri outside a neighborhood of γ and this is not anonial.
This is done by reversing the proedure of setion 3.3.
4.1. Loal ase.
4.1.1. Breaking up a singularity. Here we follow [EMZ, MZ℄. Consider
a singularity P of order k ≥ 0, and a partition k = k1 + k2 with
k1, k2 ≥ −1. We assume that k1 and k2 are not both odd. If ρ is small
enough, then the set {x ∈ S, d(x, P ) < ρ} is a metri dis embedded in
S. It is obtained by gluing k + 2 standards half-disks of radius ρ.
There is a well known loal onstrution that breaks the singularity
P into two singularities of order k1 and k2, and whih is obtained by
hanging ontinuously the way of gluing the half-diss together (see
gure 16, or [EMZ, MZ℄). This onstrution is area preserving.
4.1.2. Struture of the neighborhood of the prinipal boundary. When γ
is small enough, (for example |γ| ≤ |γ′|/10, for any other saddle onne-
tion γ′), then we an perform the reverse onstrution beause a neigh-
borhood of γ is preisely obtained from a olletion of half-diss glued
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ε
ρ− ε2
ρ+ ε2
ρ− ε2
ρ− ε
ρ+ ε
ρ− ε
6pi
5pi 4pi + 3pi
4pi + 4pi
ρ
ρ
ρ
ρρ
ρ
ρ
ρ
ρ
ρ
ρ
ρ
ρ− ε2
ε
ρ− ε2
ρ+ ε2
Figure 16. Breaking up a zero into two zeroes (af-
ter [EMZ, MZ℄).
as before. This denes a anonial map Φ : V → Q(k1+k2, k3, . . . , kr),
where V is a subset of Q(k1, k2, k3, . . . , kr). We an hoose U
N ⊂ V
suh that Φ−1({S˜})∩UN is the set of surfaes suh that the shrinking
proess leads to S˜, and whose smallest saddle onnetion is of length
smaller than min(
˜|γ|
100
,
˜|γ|
2N
)) with γ˜ the smallest saddle onnetion of S˜.
From the proof of Lemma 8.1 of [EMZ℄, this map gives to UN a stru-
ture of a topologial orbifold bundle over Q(k1+k2, k3, . . . , kr), with the
puntured dis as a ber. By assumption, Q(k1+k2, k3, . . . , kr) is on-
neted, and therefore UN is onneted, so the proof will be ompleted
after the following three steps:
• UN ⊂ C.
• There exists L > 0 suh that QL(k1, . . . , kr) ∩ C ⊂ U
N
.
• For any S ∈ C, there exists a ontinous path (St)t in C that
joins S to QL(k1, . . . , kr).
4.1.3. Proof of Theorem 4.1: loal ase. To prove the rst step, it is
enough to show that UN is a subset ofQN (k1, k2, . . . , kr): let S be a at
surfae in UN and let S˜ = Φ(S). We denote by γ the smallest saddle
onnetion of S. The surgery doesn't hange the surfae outside a small
neighborhood of the orresponding singularity of S˜. If |γ˜| is the length
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of the smallest saddle onnetion of S˜, then S has no saddle onnetion
of length smaller than
˜|γ|− |γ| exept γ, whih has length smaller than
˜|γ|
2N
by onstrution. We have
|γ˜|−|γ|
|γ| =
|γ˜|
|γ| − 1 > 2N − 1 ≥ N , so S
belongs to QN(k1, k2, . . . , kr). Hene we have proved that U
N ⊂ C.
To prove the seond step, we remark that if S ∈ QL(k1, . . . , kr) ∩ C,
for L ≥ 10, then the smallest saddle onnetion of Φ(S) is of length at
least L|γ| − |γ|, where γ is the smallest saddle onnetion of S. Hene
if |γ| ≤ min( (L−1)|γ|
100
, (L−1)|γ|
2N
) then S ∈ UN . So we have proved that
QL(k1, . . . , kr) ∩ C ⊂ U
N
for L ≥ max(101, 2N + 1).
The last step is given by the following lemma:
Lemma 4.2. Let S be a surfae in QN (k1, . . . , kr) whose smallest sad-
dle onnetion S is simple and joins a singularity of order k1 to a sin-
gularity of order k2, and let L be a positive number. Then we an nd
a ontinuous path in QN (k1, . . . , kr), that joins S to a surfae whose
seond smallest saddle onnetion is at least L times greater than the
smallest one.
Proof. The set QN(k1, . . . , kr) is open, so up to a small ontinuous per-
turbation of S, we an assume that S has no vertial saddle onnetion
exept the smallest one.
Now we apply the geodesi ow gt to S. There is a natural bijetion
from the saddle onnetions of S to the saddle onnetions of gt.S.
The holonomy vetor v = (v1, v2) of a saddle onnetion beomes vt =
(e−tv1, etv2). This imply that the quotient of the length of a given
saddle onnetion to the length of the smallest one inreases and goes
to innity.
The set of holonomy vetors of saddle onnetions is disrete, and
therefore, any other saddle onnetion of gt.S has length greater than
L times the length of the smallest one, as soon as t is large enough. 
Note that the previous proof is the same if we restrit ourselves to
area 1 surfaes. The ase for when restrited to the δ-neighborhood
of the boundary is also analogous, sine UN ∩Q1,δ(k1, . . . , kr) is still a
bundle over Q1(k1, . . . , kr) with the puntured dis as a ber.
Hene the theorem is proven when k1 and k2 are non both odd.
4.2. Proof of theorem 4.1: non-loal ase. We rst show that two
surfaes that are lose enough to the stratum Q(k1 + k2, k3, . . . , kr)
(in a ertain sense that will be speied below) belong to the same
onguration domain. Then we show that we an always ontinuously
reah that neighborhood.
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4.2.1. Neighborhood of the prinipal boundary. Contrary to the loal
ase, we do not have a anonial map from a subset of Q(k1, k2, . . . , kr)
to Q(k1 + k2, . . . , kr) that gives to this subset a struture of a bundle.
Let S ∈ Q(k1+k2, . . . , kr), and let ν be a path in S, we will say that
ν is admissible if it satises the hypothesis of the singularity breaking
proedure of setion 3.3. Let ν be an admissible losed path whose end
point is a singularity P of degree k1+k2 and let ε > 0 be small enough
for the breaking proedure. Reall that Ψ(S, ν, ε) denotes the surfae
in Q(k1, k2, . . . , kr) obtained after breaking the singularity P , using the
proedure of setion 3.3 along the path ν, with a vertial hole of length
ε.
Proposition 4.3. Let (S, S ′) be a pair of surfaes in Q(k1+k2, . . . , kr)
and ν ( resp. ν ′) be an admissible broken line in S ( resp. S ′). Then
Ψ(S, γ, ε) and Ψ(S ′, γ′, ε) belong to the same onguration domain for
any suiently small ε.
Proof. By assumption, Q(k1 + k2, . . . , kr) is onneted, so there exists
a path (St)t∈[0,1], that joins S and S ′. We an nd a family of broken
lines γt of St suh that, for ε small enough, the map t 7→ Ψ(St, γt, ε)
is well dened and ontinuous for t ∈ [0, 1]. The surfae Ψ(S ′, γ1, ε)
might dier from Ψ(S ′, γ′, ε) for two reasons:
• The paths γ1 and γ
′
, that both start from the same singularity
P , might not start and end at the same setors. In that ase,
we onsider the path rθS
′
obtained by rotating the surfae S ′
by an angle of θ. We nd as before a family of broken lines
γ1,θ ∈ rθS
′
. Then, for some θk an integer multiple of π, we
will have rθkS
′ = S ′ and γ1,θk that starts and ends on the same
setors than γ′.
• Even if the paths γ1 and γ
′
start and end in the same setors of
the singularity P , they might be very dierent (for example in a
dierent homotopy lass of S ′\{sing}), so Proposition 3.4 does
not apply. This ase is solved by the following lemma, whih
says that the resulting surfaes are in the same onguration
domain.

Lemma 4.4. For any surfae S ∈ Q(k1+k2, k3, . . . , kr), the ongura-
tion domain that ontains a surfae obtained by the non-loal singularity
breaking onstrution does not depend on the hoie of the admissible
path, one setor I is hosen, and the hole is small enough.
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Proof. We onsider a surfae S in Q(k1 + k2, . . . , kr) and perform the
breaking proedure. We do not hange the resulting onguration do-
main if we perform some small perturbation of S. Therefore, we an
assume that the vertial ow of S is minimal (this is the ase for almost
all surfae). Now we onsider an admissible path and perform the or-
responding singularity breaking proedure and get a surfae S1. Then
we onsider a horizontal segment in setor I adjaent to the singular-
ity k1. Then we perform the same onstrution for another admissible
path (and get a surfae S2) and onsider a horizontal segment of the
same length as before.
Beause the hole transport preserves the vertial foliation, the rst
return maps of the vertial ow in the two surfaes are the same as
soon as the hole is small enough.
Now from Lemma 2.4, there exists (σ, l) suh that S1 and S2 belong
to ZR′(Q′σ,l), with parameters ζ
1
1 , . . . , ζ
1
l+m and ζ
2
1 , . . . , ζ
2
l+m. Note that
Re(ζ1i ) = Re(ζ
2
i ), beause these depends only on the rst returns maps
of the vertial ow (and they oinide). The family of polygons with
parameters tζ1i + (1− t)ζ
2
i gives a path in MZ
′(Q′σ,l) that joins S1 and
S2. Furthermore, the singularity breaking proedure is ontinuous with
respet to ε. Hene, for all i, ζ1i and ζ
2
i are arbitrary lose as soon as
ε is small enough. Consequently, the onstruted path in MZ ′(Q′σ,l)
keeps being in a onguration domain.

Now for eah S ∈ Q(k1 + k2, . . . , kr) and eah admissible path γ,
we an nd εS,γ maximal suh that Ψ(S, γ, ε) ∈ Q
N (k1, . . . , kr) for all
ε < εS,γ. Now we onsider the set
UN =
⋃
θ∈[0,2pi]
⋃
S,γ
⋃
0<ε<εS,γ
rθ(Ψ(S, γ, ε))
This subset of QN (k1, . . . , kr) is a subset of a onguration domain
from Proposition 4.3.
4.2.2. Reahing a neighborhood of the prinipal boundary. Now we on-
sider a surfae in QN(k1, . . . , kr) whose unique smallest saddle onne-
tion joins a singularity of order k1 to a singularity of order k2. As in
the loal ase, we an assume that its smallest saddle onnetion is
vertial and that there are no other vertial saddle onnetions. Then
we apply the Teihmüller geodesi ow. This allows us to assume that
the smallest saddle onnetion is arbitrary small ompared to any other
saddle onnetion.
We then want to ontrat the saddle onnetion using the reverse
proedure of setion 3.3.
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Figure 17. Breaking a singularity with two dierent paths.
Proposition 4.5. Let N be greater than or equal to 1. There exists
L > N suh that QL(k1, . . . , kr) ∩ C ⊂ U
N
.
Proof. We hoose L large enough suh that we an nd L′ satisfying
2N < L′, and 1≪ L′ ≪ L. Denote by γ the smallest saddle onnetion
and by ε its length. We want to nd a path suitable for reversing the
onstrution of setion 3.3. When ontrating γ in suh way, we must
insure that the surfae stay inQN(k1, . . . , kr), by keeping a lower bound
of the length of the saddle onnetions dierent from the shortest one.
Let B be the open L′ε-neighborhood of γ, and {Bi}i∈{3,...,r} the open
L′ε-neighborhoods of the singularities that are not end points of γ.
Note that eah of these neighborhoods is naturally isometri to a ol-
letion of half-disk glued along their boundary. We denote by S ′ the
losed subset of S obtained by removing to S the set ∪iBi ∪B.
Now we onsider the set of paths of S ′ whose end points are on ∂B
and with nontrivial holonomy (whih makes senses in a neighborhood
of ∂B), and we hoose a path ν1 of minimal length with this property.
Note that, we do not hange the holonomy of a path by unrossing
generi self intersetions (see gure 19). Therefore, we an hoose our
path suh that, after a small perturbation, it has no self intersetions.
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ν1
γ
B B
B2
B1
ν3
B1
B2
Figure 18. Construting a suitable path.
ν′ν
Figure 19. Unrossing an intersetion does not hange
the holonomy.
Now the ondition L′ ≪ L implies that we an nd nd a path
ν2 in the same homotopy lass, suh that the ε-neighborhood of ν2 is
homeomorphi to a disk. Now joining arefully the end points of ν2
to eah sides of γ, we get a path ν3. By onstrution, we an use this
path to ontrat the saddle onnetion γ. The surgery doesn't touh
the εN-neigborhoods of the singularities, exept for the end points
of γ, hene any saddle onnetion that starts from suh singularity
will have a length greater than Nε during the shrinking proess. A
saddle onnetion starting from an end point a γ, and dierent from
γ will leave B. Choosing properly ν3, then the length of suh saddle
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onnetion will have a length greater than (L′−1)ε during the shrinking
proess, and L′ − 1 ≥ N + (N − 1) ≥ N .
Therefore, when ontrating γ, there is no saddle onnetion exept
γ that is of length smaller than N |γ| ≤ Nε, were ε is the initial length
of the saddle onnetion γ. Up to resaling the surfae, we an assume
that the area of the surfae is onstant under the deformation proess.

Now let C be the open subset of surfaes in QN(k1, . . . , kr) whose
unique smallest saddle onnetion joins a singularity of order k1 to a
singularity of order k2. The previous proposition shows that there exists
a path from any S ∈ C to UN , whih is pathwise onneted. Therefore
C is pathwise onneted and hene, onneted. Then we have proven
the theorem for the ase when k1 and k2 are odd.
5. Configuration domains in strata of quadratis
differentials on the Riemann sphere
In [B℄ we proved Theorem 5.1 desribing all the ongurations of

homologous saddle onnetions that exist on a given stratum of qua-
drati dierential on CP
1
. We now show that they are in bijetions with
the onguration domains. In this setion, we denote by γ a olletion
{γi} of saddle onnetions.
Theorem 5.1. Let Q(kα11 , . . . , k
αr
r ,−1
s) be a stratum of quadrati dif-
ferentials on CP
1
dierent from Q(−14), and let γ be a maximal ol-
letion of

homologous saddle onnetions on a generi surfae in that
stratum. Then the possible ongurations for γ are given in the list
below (see Figure 20).
a) Let {k, k′} ⊂ {kα11 , . . . , k
αr
r ,−1
s} be an unordered pair of in-
tegers with (k, k′) 6= (−1,−1). The set γ onsists of a single
saddle onnetion joining a singularity of order k to a distint
singularity of order k′.
b) Consider (a1, a2) a pair of stritly positive integers suh that
a1+a2 = k ∈ {k1, . . . , kr} (with k 6= 1), and a partition A1⊔A2
of {kα11 , . . . , k
αr
r }\{k}. The set γ onsists of a simple saddle
onnetion that deomposes the sphere into two 1-holed spheres
S1 and S2, suh that eah Si has interior singularities of positive
order given by Ai and si = (
∑
a∈Ai a) + ai + 2 poles, and has
a single boundary singularity of order ai.
) Consider {a1, a2} ⊂ {k
α1
1 , . . . , k
αr
r } a pair of integers. Let A1 ⊔
A2 be a partition of {k
α1
1 , . . . , k
αr
r }\{a1, a2}. The set γ onsists
of two losed saddle onnetions that deompose the sphere into
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e)
b)
)
a)
d)
Figure 20. Topologial piture of ongurations for CP
1
.
two 1-holed spheres S1 and S2 and a ylinder, and suh that
eah Si has interior singularities of positive orders given by Ai
and si = (
∑
a∈Ai a)+ai+2 poles and has a boundary singularity
of order ai.
d) Let k ∈ {k1, . . . , kr}. The set γ is a pair of saddle onnetions
of dierent lengths, and suh that the largest one starts and
ends from a singularity of order k and deompose the surfae
into a 1- holed sphere and a half-pillowase, while the shortest
one joins a pair of poles and lies on the other end of the half
pillowase.
When the stratum is Q(−14), there is only one onguration, whih
orrespond to two saddle onnetions are the two boundary omponents
of a ylinder (the surfae is a pillowase, see Figure 1).
The following lemma (due to Kontsevih) implies that Theorem
4.1 will apply for any stratum of quadrati dierentials on CP
1
(see
also [KZ℄).
Lemma (Kontsevih). Any stratum of quadrati dierentials on CP
1
is non empty and onneted.
Proof. There is only one omplex struture on CP
1
. Therefore, we an
work on the standard atlas C ∪ (C∗ ∪∞) of the Riemann sphere.
Now we remark that if we x (z1, . . . , zr) ∈ C
r
that are pairwise
distint, and k1, . . . , kr some integers greater than or equal to −1, then
the quadrati dierential on C, q(z) =
∏
(z − zi)
kidz2, extends to a
32 CORENTIN BOISSY
quadrati dierential on CP
1
with possibly a singularity of order −4−∑
i ki over the point ∞. Now two quadrati dierentials on a ompat
Riemann surfae with the same singularity points are equal up to a
multipliative onstant (beause they dier by a holomorphi funtion).
Therefore, any strata of quadrati dierentials on CP
1
is a quotient
of C times a spae of ongurations of points on a sphere, whih is
onneted. 
Now let S ∈ QN (kα11 , . . . , k
αr
r ,−1
s) . We an dene FS to be the
maximal olletion of

homologous saddle onnetions that ontains the
smallest one. We have the following lemma.
Lemma 5.2. The onguration assoiated to FS is loally onstant
with respet to S.
Proof. Any saddle onnetion in FS persists under small deformation.
This lemma is obvious as soon the number of elements of FS is loally
onstant.
Let γ1 be a saddle onnetion of minimal length. We assume that
after a small perturbation S ′ of S, we get a bigger olletion of saddle
onnetions. That means that a new saddle onnetion γ2 appears.
Therefore there was another saddle onnetion γ3 nonhomologous to
γ1, of length less than or equal to |γ2/2| (see gure 21). But this is
impossible sine it would therefore be of length less than or equal to
the length of γ1, ontraditing the hypothesis. 
S′
γ2
γ3γ3
S
Figure 21. The onguration assoiated to FS is lo-
ally onstant.
Main Theorem. Let Q(kα11 , . . . , k
αr
r ,−1
s) be a stratum of quadrati
dierentials with at most simple poles. Let N be greater than or equal
DEGENERATIONS OF QUADRATIC DIFFERENTIALS ON CP
1
33
to 1. There is a natural bijetion between the ongurations of homologous
saddle onnetions on Q(kα11 , . . . , k
αr
r ,−1
s) desribed in Theorem 5.1
and the onneted omponents of QN (kα11 , . . . , k
αr
r ,−1
s)
Proof. Lemma 5.2 implies that there is a well dened map Ψ from the
set of onneted omponents of QN (kα11 , . . . , k
αr
r ,−1
s) to the set of ex-
isting ongurations for the stratum. This map is surjetive beause if
we hoose a generi surfae S with a maximal olletion of homologous
saddle onnetions γ that realizes the given onguration C, then after
a small ontinuous perturbation of the surfae, we an assume that
there are no other saddle onnetions on S parallel to an element of γ.
Then we apply the Teihmüller geodesi ow to ontrat the elements
of γ, until γ ontains the smallest saddle onnetion of the surfae.
Then by onstrution, this surfae belongs to Ψ−1(C).
Now we prove that Ψ is injetive. We keep the notations of the
previous theorem, and onsider U = Ψ−1({C}), for C any existing on-
guration:
-If C belongs to the a) ase, then U is onneted from Theorem 4.1
and the lemma of Kontsevih.
-If C belongs to the b) ase, then we onsider a surfae S in U . Its
smallest saddle onnetion γ0 is losed and separates the surfae in a
pair (S1, S2) of 1-holed spheres with boundary singularities of orders a1
and a2 orrespondingly. Now for eah Si we deompose the boundary
saddle onnetion of Si in two segments starting from the boundary
singularity, and glue together these two segments, then we get a pair
of losed at spheres Ŝi ∈ Q(Ai, ai − 1,−1
si+1), i = 1, 2. For eah
of the sphere, the smallest saddle onnetion γ′i is simple and joins a
singularity Qi of order (ai − 1) to a newborn pole Pi, and is of length
|γ0|/2, where |γ0| is the length of γ0. Let ηi be the smallest saddle
onnetion of Ŝi exept γ
′
i.
• If ηi intersets the interior of γ
′
i, then it is easy to nd another
saddle onnetion on Ŝi, smaller than ηi and dierent from γ
′
i.
• If ηi does not interset γ
′
i, or interset it in Qi, then ηi was a
saddle onnetion on S, hene |ηi| > 2N |γ
′
i|.
• If ηi intersets Pi, then we an nd a saddle onnetion in S of
length smaller than |ηi|+ |γ0|/2.
These remarks imply hat Ŝi is in Q
2N−1(Ai, ai−1,−1si+1) whih is a
subset of QN (Ai, ai − 1,−1
si+1). Hene we have dened a map f from
U to U1 × U2, with Ui a simple onguration domain of Q
N(Ai, ai −
1,−1si+1).
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Conversely, let {Ŝi}i∈{1,2} be two surfaes in Q2N (Ai, ai− 1,−1si+1),
suh that for eah Ŝi, the smallest saddle onnetion γi is simple and
joins a pole to a singularity of order ai − 1. If γ1 and γ2 are in the
same diretion and have the same length, then we an reonstrut a
surfae S = f−1(Ŝ1, Ŝ2) in Q(k
α1
1 , . . . , k
αr
r ,−1
s) by utting Ŝi along
γi, and gluing together the two resulting surfaes. Here, S belongs to
QN(kα11 , . . . , k
αr
r ,−1
s). Note that in the reonstrution of the surfae,
the length of smallest saddle onnetion is doubled, hene we must
start from Q2N (Ai, ai − 1,−1
si+1), and not QN (Ai, ai − 1,−1
si+1).
Now we proove the onnetedness of U : let X1, X2 be two at sur-
faes in U . After a small perturbation and after applying the geodesi
ow, we get a surfae S1 (resp. S2) in the same onneted omponent
of U as X1 (resp X2), with S1 and S2 in Q2N (kα11 , . . . , k
αr
r ,−1
s).
There exists ontinuous paths (Si,t)t∈[1,2] ∈ Q2N (Ai, ai − 1,−1si+1)
suh that (S1,j , S2,j) = f(S
j) for j = 1, 2. The pair (S1,t, S2,t) belongs
to f(U) if and only if their smallest saddle onnetions are parallel
and have the same length. This ondition is not neessary satised,
but rotating and resaling S2,t gives a ontinous path At in GL2(R)
suh that S1,t and At.S2,t satisfy that ondition. Note that we ne-
essary have A2.S2,2 = S2,2. Therefore f
−1(S1,t, A2.S2,t) is a ontin-
uous path in U that joins S1 to S2. So the subset U is onneted.
Note that the onnetedness of U learly implies the onnetedness of
U ∩Q1(k
α1
1 , . . . , k
αr
r ,−1
s).
The ases ) and d) are analogous and left to the reader. 
Corollary 5.3. Let Q(k1, . . . , kr) be a stratum of quadrati dierentials
on CP
1
, and let N ≥ 1. If a onneted omponent of QN(k1, . . . , kr) ad-
mit orbifoldi points, then the orresponding onguration is symmetri
and the lous of orbifoldi points are unions of opies (or overings) of
open subset of onguration domains of other strata, whih are mani-
folds.
Proof. Reall that S orrespond to an orbifoldi point if and only if
S admits a nontrivial orientation preserving isometry. Now let U be
a onneted omponent of QN(kα11 , . . . , k
αr
r ,−1
s), S ∈ U an orbifoldi
point, and τ an isometry.
Suppose that U orrespond to the a) ase. Then τ must preserve the
smallest saddle onnetion γ0 of S. Either τ xes the end points of S,
either it interhanges them. In the rst ase, τ = Id, in the other ase
it is uniquely determined and is an involution that xes the middle of
γ0. In that ase the end points of γ0 have the same order k ≥ 0. Then
S/τ is a half-translation surfae whose smallest saddle onnetion is
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of length |γ0|/2 and joins a singularity of order k ≥ 0 to a pole. Any
other saddle onnetion in S/τ is of length l or l/2 for l the length of a
saddle onnetion (dierent from γ0) on S. Therefore, S/τ belongs to a
onguration domain of a) type in the orresponding stratum. The at
surfae S/τ does not have a nontrivial orientation preserving isometry
beause k 6= −1. Therefore the onguration domain that ontains
S/τ is a manifold. The involution τ indues an involution on the set
of zeros of S and the stratum and onguration domain orresponding
to S/τ depends only on that involution. This indues a overing from
the lous of orbifoldi points whose orresponding involution share the
same ombinatorial data to an open set of a manifold.
If U belongs to the b) ase, then similarly, a nontrivial isometri
involution τ interhanges the two 1-holed sphere of the deomposition.
We have A1 = A2 and a1 = a2 > 0 (see notations of Theorem 5.1).
The set of orbifoldi points is isomorphi to the onguration domain
of a) type with data {a1,−1} whih is a manifold.
If U belongs to the c) ase then similarly, τ interhanges the two
1-holed sphere of the deomposition. We must have A1 = A2 and
a1 = a2 > 0. The set of orbifoldi points is isomorphi to an open
subset of a onguration domain of d) type, whih is a manifold (see
next).
In the d) ase, any isometry τ x the saddle onnetion γ1 that
separates the surfae in a 1-holed sphere and a half-pillowase, whih
are nonisometri. Hene they are xed by τ . Now sine τ is orientation
preserving, it is easy to hek that neessary, τ is trivial.

Here we use Theorem 4.1 and the desription of ongurations to
show that any stratum of quadrati dierentials on CP
1
admits only
one topologial end.
Proposition 5.4. Let Q1(k1, . . . , kr,−1
s) be any strata of quadrati
dierential on CP
1
. Then the subset Q1,δ(k1, . . . , kr,−1
s) is onneted
for any δ > 0.
Proof. Let S ∈ Q1,δ(k1, . . . , kr,−1
s). We rst desribe a path from S
to a simple onguration domain with orresponding singularities of
orders {−1, k}. Then we show that all of these onguration domains
are in the same onneted omponent of Q1,δ(k1, . . . , kr,−1
s).
Let γ1 be a saddle onnetion of S of length less than δ. Up to the
Teihmüller geodesi ow ation, we an assume that γ1 is of length
less than δ2. Now let P be a pole. There exists a saddle onnetion γ2
of length less than 1 starting from P , otherwise the 1−neighborhood of
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PP ′ γ3
γ2
Figure 22. Deformation of a surfae in Q1,δ(k1, . . . , kr,−1
s).
P would be an embedded half-disk of radius 1 in the surfae, and would
be of area
pi
2
> 1. Then up to a slight deformation, we an assume that
there are no other saddle onnetions parallel to γ1 or γ2 (exept the
ones that are

homologous to γ1 or γ2). Now we ontrat γ2 using the
Teihmüller geodesi ow. This gives a path in Q1,δ(k1, . . . , kr,−1
s),
and we now an assume that γ2 is of length smaller than δ.
The other end of γ2 is a singularity of order k. If k ≥ 0, then from
the list of ongurations given in Theorem 5.1, the saddle onnetion
γ2 is simple.
We assume that k = −1, then the surfae is a 1−holed sphere glued
with a ylinder, one end of this ylinder is γ2 (we have a half-pillowase),
and the other end of that ylinder is a losed saddle onnetion whose
end point is a singularity P ′ of order k′ > 0. We an assume, up to
applying the Teihmüller geodesi ow, that γ2 is of length at most
(1− c)δ, where c is the area of the ylinder. Now we onsider γ3 to be
the shortest path from P to P ′. It is lear that γ3 is a simple saddle
onnetion. Now up to twisting and shrinking the ylinder, we an
make this saddle onnetion as small as possible (see Figure 22). How-
ever, this transformation, is not area preserving and we must resale
the surfaes to keep area one surfaes . This resalling inrease the
length of γ2 by a fator whih is at most
1
1−c , and therefore the length
of γ2 is always smaller than δ during this last deformation, and the re-
sulting surfae is in a simple onguration domain with orresponding
singularities of orders {−1, k′}.
Now let (Ui)i=1,2 be simple onguration domains whose orrespond-
ing ongurations are represented by simple paths that joins a pole
to a singularity of order ki > 0 (here we assume that r ≥ 2, the
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ase r ≤ 1 is trivial). From Theorem 4.1, for eah i = 1, 2, the set
Ui ∩ Q1,δ(k1, . . . , kr,−1
s) is onneted. So, it is enough to nd a path
between two spei surfaes in Ui that stays in Q1,δ(k1, . . . , kr,−1
s).
We start from a surfae in Q(k1 − 1, k2 − 1, k3, . . . , kr,−1
s−2) and we
suessively break eah singularity of order ki−1 into two singularities
of order ki and −1. We get a surfae in Q1,δ(k1, . . . , kr) with two arbi-
trary small saddle onnetions. We an assume that one of these short
saddle onnetions is vertiakl, and the other not. Then ation on this
surfae by the Teihmüller geodesi ow easily give a path between U1
and U2 that keeps being in Q1,δ(k1, . . . , kr,−1
s). 
Appendix. A geometri riteria for

homologous saddle
onnetions
Here we give a proof of the following theorem:
Theorem (H. Masur, A. Zorih). Consider two distint saddle onne-
tions γ, γ′ on a half-translation surfae. The following assertions are
equivalent:
a) The two saddle onnetions γ and γ′ are homologous.
b) The ratio of their length is onstant under any small deforma-
tion of the surfae inside the ambient stratum.
) They have no interior intersetion and one of the onneted
omponent of S\{γ ∪ γ′} has trivial linear holonomy.
Proof. The the proofs of the statements a⇔ b and c⇒ b are easy and
the arguments are same as in [MZ℄. We will write them for omplete-
ness. Our proof of b ⇒ c is new and more geometri than the initial
proof.
• We rst show that statement a) is equivalent to statement b).
We have dened [γˆ] and [γˆ′] in H−1 (Ŝ, P̂ ,Z). They both are
yles assoiated to simple paths, therefore, they are primitive
yles of H−1 (Ŝ, P̂ ,Z).
If γ and γ′ are homologous, then integrating ω along the
yles [γˆ] and [γˆ′], we see that the ratio of their length belongs
to {−1/2, 1, 2}, and this ratio is obviously onstant under small
deformations of the surfae. Conversely, if they are not

homolo-
gous, then (γ, γ′) is a free family on H−1 (Ŝ, P̂ ,C) (sine they
are primitive elements of H−1 (Ŝ, P̂ ,Z)) and so
∫
γˆ
ω and
∫
γˆ′
ω
orrespond to two independent oordinates in a neighborhood
of S. Therefore the ratio of their length is not loally onstant.
• Now assume c). We denote by S+ a onneted omponent of
S\{γ, γ′} that has trivial holonomy. Its boundary is a union
38 CORENTIN BOISSY
of omponents homeomorphi to S1. The saddle onnetions
have no interior intersetions, so this boundary is a union of
opies of γ and γ′ and it is easy to hek that both γ and γ′
appears in that boundary. The at struture on S+ is dened
by an Abelian dierential ω. Now we have
∫
∂S+
ω = 0, whih
impose a relation on |γ| and |γ′|. This relation is preserved in a
neighborhood of S, and therefore, the ratio is loally onstant
and belongs to {1/2, 1, 2} depending on the number of opies
of eah saddle onnetions on the boundary os S+.
• Now assume b). We an assume that the saddle onnetion σ
is vertial. Then applying the Teihmüller geodesi ow gt on
S, for some small t, indue a small deformation of S . The
hypothesis implies that the saddle onnetion γ′ is neessary
vertial too, and so the two saddle onnetions are parallel and
hene have no interior intersetions. Let S1 and S2 the on-
neted omponents of S\{γ, γ′} that bounds γ (we may have
S1 = S2), and assume that S1 has nontrivial linear holonomy.
That implies there exists a simple broken line ν with nontrivial
linear holonomy that starts and ends on the boundary of S1
that orrespond to γ. Now, we reate an small hole by adding
a parallelogram on the rst segment of the path ν. This re-
ate only one hole τ in the interior of S1 beause the other one
is sent to the boundary (this proedure add the length of the
hole to the length of the boundary). If we diretly move the
hole τ to the boundary, we obtain a at surfae isometri to
the initial surfae S1. But if we rst transport τ along ν, then
this will hange its orientation, and its length will be added
again to the length of the boundary. So the resulting surfae
have a boundary omponent orresponding to γ bigger than
the initial surfae S1. The surgery did not aet the boundary
orresponding to γ′. Assume now that S2 has also nontrivial
holonomy, then performing the same surgery on S2, and gluing
bak S1 and S2, this gives a slight deformation of S that hange
the length of γ and not the length of γ′. This ontradit the
hypothesis b).

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